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Understanding Optimal Control and Viscosity Solutions of
Hamilton-Jacobi Equations

Optimal control and viscosity solutions of Hamilton-Jacobi equations are foundational concepts
in modern mathematical analysis, especially within the fields of control theory, differential equations,
and mathematical physics. These topics are interconnected, providing powerful tools for solving
complex dynamic systems where classical solutions may not exist or be difficult to obtain. In this
article, we will explore the fundamental ideas behind optimal control, delve into the nature of
Hamilton-Jacobi equations, and examine the role of viscosity solutions in addressing the challenges
associated with these nonlinear partial differential equations (PDES).

Fundamentals of Optimal Control Theory
What is Optimal Control?
Optimal control is a mathematical discipline focused on determining control policies that optimize a
performance criterion for dynamic systems. Typically, the goal is to find a control function that
minimizes (or maximizes) a cost functional subject to the system's dynamics.
Key components of optimal control include:
- State variables: Represent the system's current status.
- Control variables: Inputs or actions taken to influence the system.
- Dynamics: Governed by differential equations describing how states evolve over time.
- Cost functional: An integral or terminal cost to be minimized or maximized.
Basic formulation:
Given a dynamical system:

\[

\dot{x}(t) = f(x(t), u(t)), \quad x(t_0) = x_0,
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with control \( u(t) \in U \), the goal is to find a control \( u~(t) \) that minimizes:

\[

J(u) =\int_{t_0}{t_f} L(x(t), u(®))\, dt + \phi(x(t_f)),

\

where \( L) is the running cost and \( \phi)\) is the terminal cost.

Dynamic Programming Principle

Introduced by Richard Bellman, the dynamic programming principle (DPP) is central to optimal
control. It states that the value function, representing the optimal cost from a given state and time,
satisfies a recursive relationship:

\[

V(t, X) =\inf_{u(\cdot)} \left\{ \int_t*{t+\Delta t} L(x(s), u(s)) ds + V(t + \Delta t, x(t + \Delta t)) \right\},
\

which leads to the derivation of the Hamilton-Jacobi-Bellman (HJB) equation.
Hamilton-Jacobi Equations: The Bridge to Control Problems
Formulation of Hamilton-Jacobi Equations

The Hamilton-Jacobi (HJ) equation is a nonlinear PDE that characterizes the value function in
optimal control problems. For a control system with dynamics \( \dot{x} = f(x, u) \) and cost
functional, the value function \( V(t, x) \) satisfies the HIB equation:

\[

-\frac{\partial VH{\partial t}(t, x) + H\left(x, D_x V(t, x)\right) = 0,

\

where \( D_x V'\) is the gradient of \( V \) with respect to \( x \), and \( H\) is the Hamiltonian defined
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\[

H(x, p) = \sup_{u \in U} \left\{ -f(x, u) \cdot p - L(x, u) \right\}.

\

This PDE provides a dynamic programming characterization of the optimal control problem, linking
the control system's behavior with the geometry of the value function.

Challenges with Classical Solutions
Classical solutions to Hamilton-Jacobi equations require the value function to be smooth
(differentiable). However, in many practical scenarios, solutions develop singularities or

discontinuities, particularly when the system's dynamics involve shocks or abrupt changes. This
leads to the necessity of generalized solution concepts?most notably, viscosity solutions.

Viscosity Solutions: A Robust Framework
What are Viscosity Solutions?
Viscosity solutions are a type of weak solution for nonlinear PDEs like Hamilton-Jacobi equations.
Introduced by Michael Crandall and Pierre-Louis Lions, this concept allows us to define solutions
even when classical differentiability fails.
Key features include:

- They do not require the solution to be differentiable everywhere.

- They are defined via comparison with smooth test functions.
- They are stable under limits, making them suitable for numerical approximations.

Definition of Viscosity Solutions
A function \( V: \mathbb{R}"*n \times [0, T] \to \mathbb{R}\) is a viscosity subsolution (respectively,

supersolution) of the Hamilton-Jacobi equation if, for every smooth test function \( \phi\) such that \(
V - \phi\) has a local maximum (respectively, minimum) at \( (t, x) \), the following holds:

\[
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-\frac{\partial \phi}{\partial t}(t, x) + H\left(x, D_x \phi(t, x)\right) \leq 0 \quad (\text{respectively, } \geq
0).

\
A viscosity solution is a function that is both a subsolution and a supersolution.
Significance of Viscosity Solutions

Viscosity solutions provide several advantages:

- Existence and uniqueness: Under appropriate conditions, viscosity solutions to Hamilton-Jacobi
equations are unique.

- Stability: They are stable under uniform limits, which is essential for numerical schemes.

- Applicability: They extend the classical solution framework to problems with shocks,
discontinuities, or non-smooth data.

Relationship Between Optimal Control and Viscosity Solutions
The Value Function as a Viscosity Solution

One of the profound results in control theory is that the value function of an optimal control problem

is a viscosity solution of the associated Hamilton-Jacobi-Bellman equation. This provides a powerful
way to analyze and compute the value function even in complex scenarios where classical solutions
are unattainable.

Key implications:

- The characterization of the value function via viscosity solutions bridges control theory and PDE
analysis.

- It guarantees the well-posedness of the Hamilton-Jacobi equation in the viscosity sense.

- It allows for numerical approximation methods based on viscosity solutions, such as finite
difference schemes.

Examples in Control Problems

- Minimum time problems: Where the goal is to reach a target set as quickly as possible; the
value function satisfies a Hamilton-Jacobi equation with boundary conditions.
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- Reachability analysis: Determining the set of states from which the target can be reached under
system dynamics.
- Optimal trajectory planning: Computing optimal paths in robotics and aerospace applications.

Numerical Methods for Viscosity Solutions
Finite Difference Schemes

Numerical approximation of viscosity solutions often employs monotone, stable finite difference
schemes that preserve the comparison principle essential for uniqueness.

Common approaches include:
- Godunov schemes
- Lax-Friedrichs schemes
- Upwind schemes

Convergence and Stability

The convergence of numerical schemes to the viscosity solution relies on satisfying the
Barles-Souganidis framework, which emphasizes consistency, stability, and monotonicity.

Applications of Optimal Control and Viscosity Solutions
Engineering and Robotics

- Path planning in autonomous vehicles.

- Optimal energy management.

- Robot navigation in complex environments.
Finance and Economics

- Option pricing models involving Hamilton-Jacobi-Bellman equations.

- Portfolio optimization.

Physics and Biology
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- Wave propagation and shock formation.
- Biological movement and pattern formation.

Conclusion

The interplay between optimal control and viscosity solutions of Hamilton-Jacobi equations forms a
cornerstone of contemporary applied mathematics. By providing a rigorous framework to analyze
and solve nonlinear PDEs that arise in diverse fields, these concepts enable researchers and
practitioners to tackle problems involving discontinuities, shocks, and complex dynamics effectively.
As computational methods continue to advance, the importance of viscosity solutions in enabling
accurate, stable, and computationally feasible solutions will only grow, solidifying their role in the
ongoing development of control theory and PDE analysis.

Summary checklist:

- Optimal control seeks to find control policies optimizing a cost functional.

- Hamilton-Jacobi equations characterize the value function in control problems.

- Classical solutions may not exist; viscosity solutions provide a generalized framework.

- Viscosity solutions are defined via comparison with smooth test functions, ensuring stability and
uniqueness.

- The value function in control problems is often a viscosity solution of the corresponding
Hamilton-Jacobi-Bellman equation.

- Numerical methods for viscosity solutions are essential for practical applications in engineering,
finance, and science.

Understanding these interconnected topics is crucial for advancing both theoretical insights and
practical solutions in complex dynamic systems.

Optimal control and viscosity solutions of Hamilton?Jacobi equations form a foundational pillar in the
fields of mathematical control theory, differential equations, and applied mathematics. These topics
explore the interplay between dynamic optimization problems and the partial differential equations
(PDEs) that characterize their value functions. Understanding the connection between optimal
control problems and Hamilton?Jacobi equations, particularly through the lens of viscosity solutions,
has led to significant advancements in both theory and applications. This article provides an
in-depth review of these interconnected areas, highlighting their theoretical foundations, key
concepts, advantages, limitations, and recent developments.

Introduction to Optimal Control and Hamilton?Jacobi Equations

Optimal control theory deals with finding a control policy that minimizes or maximizes a certain cost
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functional over a dynamical system. Formally, given a system described by differential equations
and a cost criterion, the goal is to determine the control input trajectory that optimizes the
performance.

The Hamilton?Jacobi equation (HJE) emerges naturally in this context as a PDE that characterizes
the value function?the minimal cost achievable from any given state. This PDE, often nonlinear and
first-order, encodes the dynamic optimization problem in a continuous setting. The classic approach
involves solving this PDE to obtain the value function, which then guides optimal control synthesis.
However, in many practical scenarios, classical solutions to the Hamilton?Jacobi equation do not
exist due to irregularities or discontinuities. This challenge led to the development of the concept of
viscosity solutions, a generalized solution framework that ensures existence and uniqueness under
broad conditions.

Section 1: Foundations of Optimal Control Theory

1.1 Basic Framework

Optimal control involves systems of the form:

\[

\dot{x}(t) = f(x(t), u(t)), \quad x(0) = x_0,

\

where \(x(t) \in \mathbb{R}"n\) is the state, \(u(t) \in U\) is the control input, and \(\) describes the
dynamics. The aim is to minimize a cost functional:

\[

J(u) =\int_O~T L(x(t), u(t))\, dt + \phi(x(T)),

\

where \(L\) is the running cost and \(\phi\) is the terminal cost.
1.2 The Value Function

The value function \(V(t, x)\) is defined as:
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\[

V(t, X) =\inf_{u(\cdot)} \left\{ \int_t"T L(x(s), u(s))\, ds + \phi(x(T)) \right\}

\

subject to the system dynamics starting from state \(x\) at time \(t\).

1.3 Dynamic Programming Principle

The Bellman principle states that the optimal value at current time and state can be written
recursively, leading to the Hamilton?Jacobi-Bellman (HJB) equation:

\[

-\partial_t V(t, x) = \inf_{u \in U} \left\{ L(x, u) + \nabla_x V(t, x) \cdot f(x, u) \right\},
\

with boundary condition \(V(T, x) = \phi(x)\).

Section 2: The Hamilton?Jacobi Equation

2.1 Derivation and Significance

The HJB equation is a nonlinear first-order PDE:

\[

\partial_t V(t, x) + H(x, \nabla_x V(t, x)) = 0,

\

where the Hamiltonian \(H\) is given by:

\[

H(x, p) = \sup_{u \in U} \left\{ -p \cdot f(x, u) - L(x, u) \right\}.

\
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This PDE encodes the essence of the optimization problem: its solution provides the value function,
from which optimal controls can be derived.

2.2 Challenges in Solving HJ Equations

Classical solutions to Hamilton?Jacobi equations require smoothness, which is often not present in
realistic problems, especially with constraints, discontinuities, or singularities. This necessitates the
development of generalized solution concepts?most notably, viscosity solutions.

Section 3: Viscosity Solutions?A Generalized Framework

3.1 Motivation and Definition

Introduced by Crandall and Lions in the 1980s, viscosity solutions provide a robust notion of weak
solutions for nonlinear PDEs like the HJE. They do not require differentiability of the solution

everywhere and are particularly suited to PDEs where shocks or discontinuities develop.

A function \(\V\) is a viscosity subsolution (supersolution) if, for any smooth test function \(\phi\)
touching \(V\) from above (below), certain inequalities hold at the contact point.

3.2 Key Properties

- Existence and Uniqueness: Under suitable conditions, viscosity solutions exist and are unique.

- Stability: Viscosity solutions are stable under uniform limits, making them suitable for numerical
approximations.

- Comparison Principle: Ensures the ordering of sub- and supersolutions, crucial for uniqueness.
3.3 Advantages over Classical Solutions

- Can handle nonsmooth solutions.

- Accommodate discontinuities and shocks naturally.

- Provide a framework for proving convergence of numerical schemes.
Section 4: Interplay Between Optimal Control and Viscosity Solutions

4.1 The Value Function as a Viscosity Solution

A central result states that the value function \(V(t, x)\) of an optimal control problem is a viscosity
solution of the associated Hamilton?Jacobi equation. This connection is fundamental because it
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allows the use of PDE techniques to analyze control problems.

4.2 Verification and Construction

Using the viscosity solution framework, one can verify optimality and construct optimal controls via
the so-called "verification theorem." Moreover, numerical schemes designed to approximate
viscosity solutions (e.g., finite difference, semi-Lagrangian methods) have proven effective in solving
high-dimensional problems.

4.3 Implications for Control Synthesis

Once the viscosity solution \(\V\) is obtained, feedback controls can be derived via:

\[

u™M(x) \in \arg\min_{u \in U} \left\{ L(x, u) + \nabla_x V(t, x) \cdot f(x, u) \right\},

\

which, in the viscosity framework, is interpreted in a generalized sense, often via sub- and
superdifferentials.

Section 5: Numerical Methods and Applications
5.1 Numerical Schemes for Viscosity Solutions
Numerical approximation of viscosity solutions involves schemes that are consistent, stable, and

monotone. Popular methods include:

- Finite Difference Schemes: Upwind schemes tailored to preserve the viscosity solution
properties.

- Semi-Lagrangian Methods: Exploit characteristic-based approaches for better stability in high
dimensions.

- Level-Set Methods: Used for problems involving interfaces and shocks.

5.2 Applications

The theory and computational methods find applications across various fields:
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- Robotics and Autonomous Vehicles: Path planning under constraints.
- Economics: Optimal investment and consumption decisions.
- Engineering: Optimal design and control of systems with nonlinear dynamics.
- Physics: Front propagation, phase transitions, and wave phenomena.
Section 6: Recent Developments and Challenges
6.1 High-Dimensional Problems
The "curse of dimensionality” remains a major challenge. Recent advances involve:
- Approximate Dynamic Programming: Using machine learning to approximate value functions.
- Sparse Grids and Reduced-Order Models: To mitigate computational complexity.

6.2 Stochastic Control and Viscosity Solutions

Extending deterministic viscosity solution theory to stochastic settings involves backward stochastic
PDEs and probabilistic interpretations, opening new research avenues.

6.3 Non-convex Hamiltonians and State Constraints

Handling non-convexities and constraints introduces additional complexity, requiring refined
theoretical tools and numerics.

Section 7: Pros and Cons Summary
Pros:
- Provides a rigorous framework for dealing with nonsmooth value functions.
- Ensures well-posedness (existence and uniqueness) under broad conditions.
- Facilitates numerical approximation and practical computation.
- Bridges the gap between control theory and PDE analysis.
Cons:
- The theory can be technically demanding, requiring familiarity with viscosity solution concepts.

- Numerical schemes can be computationally intensive, especially in high dimensions.
- Extending the framework to complex constraints or stochastic systems remains challenging.
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Conclusion

The synergy between optimal control theory and the theory of viscosity solutions of Hamilton?Jacobi
equations has profoundly impacted the analysis and computation of dynamic optimization problems.
This framework not only guarantees the well-posedness of the value function but also provides
practical methods for control synthesis and numerical approximation. As computational techniques
evolve and new applications emerge, the continued development of this area promises to address
increasingly complex problems across science and engineering. While challenges such as
high-dimensionality and non-convexities persist, ongoing research and interdisciplinary approaches
are paving the way for more robust and scalable solutions in the future.

QuestionAnswer What is the role of viscosity solutions in the theory of Hamilton-Jacobi
equations? Viscosity solutions provide a framework for defining and analyzing solutions to
Hamilton-Jacobi equations when classical solutions may not exist, ensuring well-posedness and
stability in optimal control problems. How does optimal control theory relate to Hamilton-Jacobi
equations? Optimal control theory uses Hamilton-Jacobi-Bellman equations to characterize the
value function of control problems, where solving these equations yields optimal strategies and
trajectories. What are the main advantages of using viscosity solutions over classical solutions?
Viscosity solutions allow for the treatment of Hamilton-Jacobi equations with discontinuities or
singularities, providing existence, uniqueness, and stability results even when classical derivatives
do not exist. Can viscosity solutions be used to numerically approximate solutions to
Hamilton-Jacobi equations? Yes, numerical schemes such as finite difference methods are
designed to converge to viscosity solutions, enabling practical computation of solutions in complex
control problems. What is the significance of the comparison principle in the context of viscosity
solutions? The comparison principle ensures the uniqueness of viscosity solutions by asserting that
a subsolution cannot exceed a supersolution, which is fundamental for well-posedness. How do
viscosity solutions help in understanding the regularity properties of solutions to Hamilton-Jacobi
equations? While viscosity solutions may lack classical smoothness, their structure allows for the
derivation of regularity results such as semi-concavity and Lipschitz continuity under certain
conditions. What are some recent developments in the application of viscosity solutions to optimal
control problems? Recent advances include extending viscosity solution techniques to stochastic
control, high-dimensional problems, and the development of efficient numerical algorithms for
complex systems. How does the concept of optimal viscosity solutions differ from classical solutions
in Hamiltonian systems? Optimal viscosity solutions are constructed to handle irregularities and
discontinuities, providing a generalized solution concept that remains meaningful where classical
solutions fail, particularly in control and differential game contexts. What are the challenges in
establishing the existence of viscosity solutions for Hamilton-Jacobi equations? Challenges include
handling boundary conditions, ensuring proper monotonicity and stability of numerical schemes, and
dealing with non-convex Hamiltonians or degeneracies in the equations.
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